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Abstract 
The coherence length of highly collimated X-rays 
produced by a collimator system, using successive 
asymmetric reflections, has been determined for the 
first time from the visibility of equal-thickness fringes 
in the Laue geometry. Observed transverse and longi- 
tudinal components of the coherent length were more 
than 220 and 40 ~m, respectively, at a wavelength of 
0.70/~. 

I. Introduction 
In most theoretical and experimental studies involv- 
ing dynamical diffraction of X-rays, the effect of the 
coherence length has not been taken into consider- 
ation. In reality, X-rays must have finite transverse 
and longitudinal coherence lengths relating to the 
transverse momentum spread (angular divergence) 
and the energy divergence. A highly parallel X-ray 
beam obtained by a single or successive asymmetric 
diffraction (Kohra & Kikuta, 1968) is known to have 
a long coherence length in both the transverse and 
longitudinal components. The angular collimation 
effect of asymmetric diffraction is expected to make 
the transverse coherence length longer, and the 
spatially dispersive nature of such X-ray optical 
devices makes the longitudinal coherence length lon- 
ger as well. 

Although a single or successive asymmetric diffrac- 
tion has extensively been used for collimation to 
obtain intrinsic rocking curves for various cases 
(Kikuta & Kohra, 1970; Kikuta, 1971) or has been 
applied to 'plane-wave X-ray topography'  (Rennin- 
8er, 1961; Ishida, Miyamoto & Kohra, 1976), there 
seems to be no direct evidence that the X-ray beam 
produced by such an optical device has a longer 
coherence length. This is mainly because the flux 
obtained from conventional X-ray sources is 
insufficient for the direct measurement of the coher- 
ence length. 

The recent development of synchrotron radiation 
provides sufficient X-ray flux after monochromatiz- 
ation as well as collimation to enable us to estimate 
the coherence length directly from the contrast of 
equal-thickness fringes of a wedge-shaped crystal. 
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2. Principles 
When symmetric diffraction in Laue geometry occurs 
with a highly collimated X-ray beam incident on a 
perfect crystal, X-ray wave fields inside the crystal 
become almost planar and only a small region of 
dispersion surfaces is excited. The Poynting vectors, 
Si (i = 1, 2), of the wave fields belonging to the upper 
(1) and lower (2) branches of the dispersion surfaces 
have different directions, as shown in Fig. 1, except 
when the Bragg condition for symmetrical diffraction 
is exactly satisfied (Kato, 1958; Ewald, 1958). 

In the widely used dynamical theory of X-ray 
diffraction for an incident plane wave, where the 
infinitely wide wave front and the infinitely long wave 
train are implicitly assumed, the field intensity 
observed at a point P on the exit surface is given by 
the interference of the two wave fields. One wave 
field belongs to branch 1 of the dispersion surfaces 
and propagates along S~ from point A on the entrance 
surface, the other belongs to branch 2 and propagates 
along $2 from point B (Fig. 2). 

However, the wave front always has a finite width 
and the wave train always has a finite length, regard- 
less of the high collimation of the X-ray beam with 

Ko2 S~ KH2 

Fig. 1. Dispersion surface for one polarization state. For plane 
waves, the wave fields from tie points A t and A 2 will interfere. 
Poynting vectors $1 and $2 for branches 1 and 2 of the dispersion 
surface have generally different directions, because they are 
normal to the respective branches of the dispersion surface. 
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asymmetric diffraction (Renninger, 1961; Kohra, 
1962) or the control of a wave fan (Authier, 1960). 
Accordingly, when the distance between points A and 
B exceeds a certain critical value, two wave fields 
propagating along S, and $2 cannot interfere at the 
point P. 

The distance d between points A and B is given 
by the crystal thickness t and the angle 2.0 between 
S, and $2, and is represented in a symmetrical diffrac- 
tion geometry as 

d = 2t tan ,(2. (1) 

The angle O is related to the deviation from the exact 
Bragg condition and calculated from the following 
equation in the non-absorbing crystal: 

tan g2 = I WI tan 0B/(1 + W2) '/z (2) 

Here, 0B is the Bragg angle and W is a parameter 
representing the deviation from the exact Bragg con- 
dition, and is given as 

W= 2,~/w~, (3) 

where 6 is the angular deviation from the exact Bragg 
condition and w~ is the angular width of the relevant 
reflection. 

The criterion that the two wave fields from points 
A and B interfere at point P is given by the visibility 
of Pendell6sung fringes at point P. In order to observe 
Pendell6sung fringes, a wedge-shaped crystal is used 
for the sample. How thick the crystal can be for the 
visibility of Pendell6sung fringes gives a measure of 
the coherence length of the incident highly collimated 
X-rays, although unequal absorption between wave 
fields 1 and 2 could blur the fringes as the portion of 
the crystal gets thicker. 

If the interference fringes are visible up to the 
crystal thickness, tlimit, at a certain value of W, then 
we can conclude that the transverse coherence length 
is longer than d, and the longitudinal coherence 
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Fig. 2. Optical paths ofbranch 1 and 2 beams which are responsible 
for the interference at a point P on the exit surface. 

length is longer than dr, which are 

d,=2tHmit[Wlsin 08/ (1+  W2) '/2 (4) 

and 

dl=2t, imitlW[tan 08sin 08 / (1+  W2) '/2. (5) 

3. Experimental 

An arrangement of four crystals, shown schematically 
in Fig. 3, was set up on Beam Line 15C of the Photon 
Factory, National Laboratory for High Energy Phys- 
ics. A horizontal-axis multiple-crystal diffractometer 
(Ishikawa, Matsui & Kitano, 1986) was used for this 
arrangement. A (111) floating zone (FZ) silicon pre- 
monochromator (C1) was mounted on a water-cooled 
crystal holder to avoid thermal instability caused by 
white synchrotron radiation. This crystal was adjusted 
to reflect A = 0-70/~ X-rays with symmetric 111 reflec- 
tion. A slit reduced the beam size of monochromatic 
X-rays from the pre-monochromator to 35 mm wide x 
0.5 mm high. The second (C2) and third (C3) crystals 
were cut from the same FZ silicon boule as the pre- 
monochromator crystal. Asymmetric 220 and 220 
reflections take place from these crystals. The asym- 
metric factor, defined by b = sin (08 - a)//sin (08 + a) ,  
of both crystals was 1/40 at ;t =0.70 A. Here, a is 
the angle between net planes and the surface of the 
crystal. This value was experimentally confirmed for 
each crystal by measuring the cross section of the 
beam before and after diffraction. The angular diver- 
gence of the beam incident on a sample crystal (S) is 

AO = b~/2b3ws, (6) 

where bi ( i = 2 , 3 )  is the asymmetric factor of the 
second and the third crystal (Kohra & Kikuta, 1968). 
If b 2 = b3 = 1/40 and tos = 2.09" arc, then A0 is esti- 
mated to be 0-008" arc. This is 1/253 smaller than the 
intrinsic diffraction width of the sample crystal (S) 
in which symmetric 220 diffraction of silicon takes 
place. The present arrangement is in a non-dispersive 
parallel setting, where energy dispersion can be 
neglected. 

The sample crystal was prepared in a wedge-shaped 
form from the same FZ silicon boule as the crystals 

Fig. 3. Experimental arrangement (front view). C1, fore crystal, 
(111) silicon, 111 symmetric reflection; C2 and C3, collimator 
crystals, 220 asymmetric reflection of silicon with asymmetric 
factor 1/40 at )t =0.70/~; S, sample crystal, 220 symmetric 
reflection in the Laue geometry; H, water-cooled crystal holder; 
P, photographic plate; D, monitoring detector. 
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discussed previously (Fig. 4). Mechano-chemical 
polishing was done to remove the damaged layers 
near the surface. Topographs were taken at five 
angular positions of the sample crystal, roughly at 

= 0-0, +1.2 and +2.4". In order to avoid the angular 
integration of diffracted images due to drift of the 
sample, stability of the X-ray optics was checked by 
measuring the diffracted intensity from the sample 
for 30 min before starting each exposure. Also, the 
diffracted intensity was monitored during the 
exposure by measuring the intensity of the transmitted 
beam through a nuclear emulsion plate (Ilford L4, 
50 ~m thick). With the storage ring at 2.5 GeV and 
150 mA beam current, the exposure time ranged from 
15 to 80 min. 

4. Results and discussion 

Fig. 5 shows a set of equal-thickness fringes observed 
in the diffracted beam at different values of W. On 
the W scale, the Laue-case reflection curve for a 

(11o) 

mm 

.4 mm 

Fig. 4. Shape of the sample crystal. 220 reflection was used to take 
topographs. 

non-absorbing crystal is 

sin 2 [¢rt(1 + wE)I/2/Ao] 
RL(W)-  W2 (7) 1+ 

For this experiment, only the o- polarization is con- 
sidered because synchrotron radiation is used. The 
characteristic PendellSsung distance A o is 

Zao= x cos O,/(XhXD '/2 (8) 

and estimated to be 36.51 ~m using the calculated 
value of the polarizability, Xh (Sasaki, 1984); this 
includes the correction for the anomalous scattering 
(Cromer & Liberman, 1981). A o corresponds to the 
fringe period at W = 0. 

When the Bragg condition is exactly satisfied ( W = 
0, Fig. 5C), equal-thickness fringes are visible over 
the whole area of the present sample crystal with a 
maximum thickness of 1.4 mm. Although the planned 
values of deviation from the exact Bragg condition, 
~, are -2 .4 ,  -1 .2 ,  0, 1.2 and 2.4" for Figs. 5(A) to 
(E) respectively, a slight shift from these planned 
values is recognized in the results as the changes of 
fringe periods are observed. When the Bragg condi- 
tion is almost satisfied ( W =  0), small deviations of 
W from zero will not make noticeable differences in 
the period of equal-thickness fringes given by 

T =  Ao/(1 + W2) '/2, (9) 

whereas even a small deviation from the planned 
value of non-zero W will result in a large difference 
in the fringe period. Thus, the W values are redeter- 
mined from the observed periods to be (A) -2.39,  
(B) -1.13,  (C) 0, (D) 1-07 and (E) 2.28, respectively. 

As expected from the consideration of the coher- 
ence length, the crystal thickness, /limit, to which the 
equal-thickness fringes are observed becomes smaller 
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Fig. 5. Equal-thickness fringes observed at W values of (A) -2-39, (B) -1.13,  (C)  0.0, (D) 1.07 and (E)  2.28. 
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Table 1. Calculated X-ray optical path difference, dt 
and dl 

W ~imit (~m) d,(~m) d/(~m) 
-2-39 640 220 41 
-1.13 780 220 41 

0.0 >1400 --  --  
1.07 810 220 41 
2.28 650 220 41 

interesting possibility. Actually, in the present experi- 
ment, some contrasts, probably due to so-called 
micro-defects, are already seen as distortions of the 
parallel equal-thickness fringes in the upper parts of 
Figs. 5(A) to (E) (except in Fig. 5C, where the Bragg 
condition is exactly satisfied). Further analysis of 
these micro-defect contrasts will be reported else- 
where. 

as the deviation from the exact Bragg condition 
becomes larger. The observed values of/limit for each 
W value, together with the calculated values of d, 
and dl from (4) and (5), are summarized in Table 1. 
Here, values of tlimi t w e r e  determined by densitometric 
measurement. 

The d, and dz values presented here imply that (a) 
the transverse coherence length is longer than d, and 
(b) the longitudinal coherence length is longer than 
dr. Although the visibility of fringe contrast becomes 
worse as the sample becomes thicker because of the 
effect of absorption, the two beams incident on points 
A and B in Fig. 2 are coherent when interference can 
be observed at point P. 

The applicability of the present method is limited 
to a highly collimated wave, the angular and spectral 
divergence of which is much less than the rocking- 
curve width of the sample crystal. Nevertheless, we 
can show that the coherence length of X-rays pro- 
duced by the present X-ray optics is fairly long in 
both longitudinal and transverse directions. This kind 
of coherent X-rays will enlarge the possibilities of 
X-ray holography in the hard-X-ray region, although 
attempts in this direction have been limited to the 
soft-X-ray region (Aoki & K_ikuta, 1974). 

Further, the application of the coherent X-rays 
obtained here to plane-wave X-ray topography is an 
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Abstract 

The theory of fixing the origin of the coordinate 
system in a polar space group by use of restraints 
(soft constraints or pseudo-observations) is devel- 
oped for any space group in any setting. The 
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coefficients of the optimal restraint equation are on 
the average proportional to the square of the atomic 
numbers. They are determined directly from the unre- 
strained singular normal-equations matrix. Applica- 
tion of the restraint results in a positive-definite matrix 
which is as nearly diagonal as possible for the atomic 
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